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RADIAL GROWTH, LIPSCHITZ AND DIRICHLET SPACES ON
SOLUTIONS TO THE YUKAWA EQUATION
SH. CHEN, A. RASILA, AND X. WANG ∗
Abstract. In this paper, we investigate some properties to solutions f to the
Yukawa PDE: ∆f = λf in the unit ball Bn of Cn, where λ is a nonnegative
constant. First, we prove that the answer to an open problem of Girela and
Pela´ez, concerning such solutions, is positive. Then we study relationships on
such solutions between the bounded mean oscillation and Lipschitz-type spaces.
At last, we discuss Dirichlet-type energy integrals on such solutions in the unit
ball of Cn and give an application.
1. Introduction and Main results
Let C denote the complex plane. We write Cn = {z = (z1, . . . , zn) : z1, . . . , zn ∈
C},
B
n(a, r) =
{
z ∈ Cn : |z − a| =
( n∑
k=1
|zk − ak|2
)1/2
< 1
}
and Bn = Bn(0, 1), the unit ball in Cn. In particular, the unit disk of C, i.e. B2, is
denoted by D. We use d(z) to denote the Euclidean distance from z to the boundary
of Bn. Let λ be a nonnegative constant and f = u+ iv be a complex-valued function
of Bn into C, where u and v are real-valued and twice continuously differentiable
functions of Bn into R. The following elliptic partial differential equation, or briefly
PDE in the following,
(1.1) ∆f(z) = λf(z)
in Bn is called the Yukawa PDE, where ∆ represents the usual complex Laplacian
operator
∆ :=
n∑
k=1
(
∂2
∂x2k
+
∂2
∂y2k
)
= 4
n∑
k=1
∂2
∂zk∂zk
for each k ∈ {1, . . . , n}. Here zk = xk + iyk.
Equation (1.1) arose out of an attempt by the Japanese physicist Hideki Yukawa
to describe the nuclear potential of a point charge as e−
√
λr/r (cf. [9, 24]). It is
well known that each solution f to (1.1) belongs to C∞(Bn), i.e., they are infinitely
differentiable in Bn. We refer to [1, 3, 22] for basic results on the theory of elliptic
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PDEs. Moreover, if λ ≤ 0 in (1.1), then (1.1) is called Helmholtz equation (see [12]).
Especially, if λ = 0 in (1.1), then f is a complex-valued harmonic mapping (cf. [2]).
Moreover, if λ = 0 in (1.1) with n = 1, then f is a complex-valued planar harmonic
mapping. It is known that every planar harmonic mapping f defined in D admits
a decomposition f = h + g, where h and g are analytic in D. We refer to [10] for
basic results concerning planar harmonic mappings.
For a complex-valued and differentiable function f of Bn into C, we introduce the
following notations (cf. [4, 5]):
fz = (fz1 , . . . , fzn), fz = (fz1 , . . . , fzn) and ∇˜f = (fz, fz).
Let |∇˜f | be the Hilbert-Schmidt norm given by
|∇˜f | = (|fz|2 + |fz|2)1/2.
Let f = u+ iv be a continuously differentiable mapping from Bn into C, where u
and v are real-valued functions. Then for z = (z1, · · · , zn) = (x1+iy1, · · · , xn+iyn) ∈
Bn,
(1.2) |fz(z)| + |fz(z)| ≤ |∇u(z)|+ |∇v(z)|,
where ∇u =
(
∂u
∂x1
, ∂u
∂y1
, · · · , ∂u
∂xn
, ∂u
∂yn
)
and ∇v =
(
∂v
∂x1
, ∂v
∂y1
, · · · , ∂v
∂xn
, ∂v
∂yn
)
. But the
converse of (1.2) is not always true (see [7]).
For p ∈ (0,∞], the Hardy space Hp consists of those functions f : Bn → C such
that f is measurable, Mp(r, f) exists for all r ∈ (0, 1) and ‖f‖p <∞, where
‖f‖p =

sup
0<r<1
Mp(r, f), if p ∈ (0,∞),
sup
z∈Bn
|f(z)|, if p =∞, Mp(r, f) =
(∫
∂Bn
|f(rζ)|p dσ(ζ)
)1/p
and dσ denotes the normalized Lebesgue surface measure in ∂Bn.
A continuous increasing function ω : [0,+∞)→ [0,+∞) with ω(0) = 0 is called
a majorant if ω(t)/t is non-increasing for t > 0. Given a subset Ω of C, a function
f : Ω → C is said to belong to the Lipschitz space Λω(Ω) if there is a positive
constant C such that
(1.3) |f(z)− f(w)| ≤ Cω(|z − w|) for all z, w ∈ Ω.
For δ0 > 0, let
(1.4)
∫ δ
0
ω(t)
t
dt ≤ C · ω(δ), 0 < δ < δ0
and
(1.5) δ
∫ +∞
δ
ω(t)
t2
dt ≤ C · ω(δ), 0 < δ < δ0,
where ω is a majorant and C is a positive constant. A majorant ω is said to be
regular if it satisfies the conditions (1.4) and (1.5) (see [11, 17]).
In [13], Girela and Pela´ez obtained the following result.
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Theorem A. ([13, Theorem 1(a) ]) Let p ∈ (2,∞). For r ∈ (0, 1), if f is an analytic
function in D such that
Mp(r, f
′) = O
(( 1
1− r
))
as r → 1,
then for all β > 1/2,
(1.6) Mp(r, f) = O
((
log
1
1− r
)β)
as r → 1.
In [13, P464, Equation (26)], Girela and Pela´ez asked whether β in (1.6) can be
substituted by 1/2. This problem was affirmatively settled by Girela, Pavlovic and
Pela´ez in [14]. In [6], the authors proved further that the answer to this problem
is affirmative for the setting of complex-valued harmonic mappings in D. The first
aim of this paper is to show that the answer to this problem is also affirmative for
mappings f satisfying (1.1) and p ∈ [2,∞). Our result is given as follows.
Theorem 1. Let p ∈ [2,∞), λ ∈ [0, 4n/p) and ω be a majorant. For r ∈ (0, 1), if
f is a solution to (1.1) such that
Mp(r, ∇˜f) ≤ Cω
( 1
1− r
)
,
then
Mp(r, f) ≤
( 4n
4n− pλ
)1/2(
|f(0)|2 + 2p(p− 1)C2ω(1)T (r)
)1/2
,
where
T (r) =
∫ 1
0
ω
(
1
1− ρr
)
dρ
and C is a positive constant.
By taking ω(t) = t in Theorem 1, we obtain the following result.
Corollary 1.1. Let p ∈ [2,∞) and λ ∈ [0, 4n/p). For r ∈ (0, 1), if f is a solution
to (1.1) such that
Mp(r, ∇˜f) = O
(( 1
1− r
))
as r → 1,
then
Mp(r, f) = O
((
log
1
1− r
)1/2)
as r → 1.
Remark 1.1. Obviously, all analytic functions and complex-valued harmonic map-
pings defined in Bn are solutions to (1.1) with λ = 0, and there also are solu-
tions which are neither analytic nor harmonic. For example, we can take f(z) =
e[
∑n
k=1(zk+zk/2)], where z ∈ Bn. Hence Theorem 1 and Corollary 1.1 are generaliza-
tions of [14, Theorem 1.1], [6, Theorem 1(a)] and [20, Corollary 6]. But it is not
clear for us that what the best upper bound of λ in Theorem 1 is.
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In [15], the author discussed the Lipschitz spaces on smooth functions. Dyakonov
[11] discussed the relationship between the Lipschitz space and the bounded mean
oscillation on analytic functions in D, and obtained the following result.
Theorem B. [11, Theorem 1] Suppose that f is a analytic fucntion in D which is
continuous up to the boundary of D. If ω and ω2 are regular majorants, then
f ∈ Lω(D)⇐⇒
(P|f |2(z)− |f(z)|2)1/2 ≤ Cω(d(z)),
where P|f |2(z) = 12pi
∫ 2pi
0
1−|z|2
|z−eiθ|2 |f(eiθ)|2dθ and C is a positive constant.
For the solutions to (1.1), we also get the following theorem, which is similar to
Theorem B.
Theorem 2. Let ω be a majorant and f be a solution to (1.1). If f satisfies
|∇˜f(z)| ≤ Cω
( 1
d(z)
)
in Bn, then for all r ∈ (0, d(z)],
1
|Bn(z, r)|
∫
Bn(z,r)
|f(ζ)− f(z)|dV (ζ) ≤ Crω
(1
r
)
,
where C is a positive constant and dV denotes the Lebesgue volume measure in Bn.
In particular, if f is a solution to (1.1) with λ = 0, then we have
Theorem 3. Let ω be a majorant and f be a solution to (1.1) with λ = 0. Then f
satisfies
|∇˜f(z)| ≤ Cω
( 1
d(z)
)
in Bn if and only if for all r ∈ (0, d(z)],
1
|Bn(z, r)|
∫
Bn(z,r)
|f(ζ)− f(z)|dV (ζ) ≤ Crω
(1
r
)
,
where C is a positive constant.
Definition 1. Let f be a continuous function in Bn. We say f ∈ BMO if
‖f‖BMO = sup
Bn(z,r)⊆Bn
1
|Bn(z, r)|
∫
Bn(z,r)
∣∣∣∣f(ζ)− 1|Bn(z, r)|
∫
Bn(z,r)
f(ξ)dV (ξ)
∣∣∣∣ dV (ζ)
is bounded, where r ∈ (0, d(z)].
In particular, by taking ω(t) = t in Theorem 3, we get the following result.
Corollary 1.2. Let f be a solution to (1.1) with λ = 0. Then f ∈ BMO if and
only if |∇˜f(z)| ≤M 1
d(z)
holds in Bn.
Radial growth, Lipschitz and Dirichlet spaces on solutions to the Yukawa equation 5
For ν, γ, t ∈ R,
Df (ν, γ, t) =
∫
Bn
(1− |z|)ν |f(z)|γ|∇˜f(z)|tdVN(z)
is called Dirichlet-type energy integral of f defined in Bn, where dVN denotes the
normalized Lebesgue volume measure in Bn (cf. [12, 19, 20, 21]).
Theorem 4. Let f be a solution to (1.1). Then there exist positive constants C1
and C2 such that∫
D
(1− |z|)1+ 2β (n−1)∆(|f(z)| 2β )dVN(z) ≤ C1Df(β − 1, 1, 1) + C2,
where β ∈ (0, 1].
As an application of Theorem 4, we get the following result.
Corollary 1.3. Let f be a solution to (1.1). If n = 1 and Df (β−1, 1, 1) <∞, then
f ∈ H 2β , where β ∈ (0, 1].
2. Integral means and Lipschitz spaces
We start this section by recalling the following result (cf. [18, 20, 23]).
Theorem C. (Green’s Theorem) Let g be a function of class C2(Bn). If n ≥ 2,
then for r ∈ (0, 1),∫
∂Bn
g(rζ) dσ(ζ) = g(0) +
∫
Bn(0,r)
∆g(z)G2n(z, r) dVN(z),
where G2n(z, r) = (|z|2(1−n) − r2(1−n))/[4n(n − 1)]. Moreover, if n = 1, then for
r ∈ (0, 1),
1
2pi
∫ 2pi
0
g(reiθ) dθ = g(0) +
1
2
∫
Dr
∆g(z) log
r
|z| dA(z),
where dA denotes the normalized area measure in D.
Recall that a real-valued and continuous function u defined in Bn is subharmonic
if for all z0 ∈ Bn, there is ε ∈ (0, 1− |z0|) such that
u(z0) ≤
∫
∂Bn
u(z0 + rζ)dσ(ζ)
holds for all r ∈ [0, ε). Moreover, if u ∈ C2(Bn), then u is subharmonic if and only
if ∆u ≥ 0 in Bn (cf. [8]).
Lemma 1. Suppose that f is a solution to (1.1). Then
(I) for p ∈ [2,∞), Mpp (r, f) is increasing in (0, 1) and |f |p is subharmonic in Bn;
(II) M22 (r, ∇˜f) is increasing in (0, 1) and |∇˜f |2 is subharmonic in Bn;
Moreover, if f is a solution of (1.1) with λ = 0, then |f |p is subharmonic in Bn
for p ∈ [1,∞).
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Proof. We first prove (I). For this, we consider the case where p ∈ [2, 4) and the
case where p ∈ [4,∞), separately.
Case 1. Suppose first p ∈ [2, 4).
Let F pm = (|f |2 + 1m)p/2. By elementary calculations, we have
∆(F pm) = 4
n∑
k=1
∂2
∂zk∂zk
(F pm)
= p(p− 2)(|f |2 + 1
m
)
p
2
−2
n∑
k=1
∣∣ff zk + fzkf ∣∣2
+2p(|f |2 + 1
m
)
p
2
−1|∇˜f |2 + pλ|f |2(|f |2 + 1
m
)
p
2
−1.
Let Tm = ∆(F
p
m). Obviously, for r ∈ (0, 1), Tm is integrable in Bn(0, r) and Tm ≤ F,
where
F = p(p− 2)|f |p−2
n∑
k=1
(|fzk |+ |fzk |)2 + 2p(1 + |f |2)
p
2
−1|∇˜f |2 + pλ|f |2(|f |2 + 1) p2−1
and F is integrable in Bn(0, r). By Theorem C and Lebesgue’s dominated conver-
gence Theorem, we have
lim
m→∞
r2n−1
d
dr
Mpp (r, Fm) =
1
2n
lim
m→∞
∫
Bn(0,r)
TmdVN(z)
=
1
2n
∫
Bn(0,r)
lim
n→∞
TndVN(z)
=
1
2n
∫
Bn(0,r)
[
p(p− 2)|f |p−4
n∑
k=1
|ff zk + ffzk |2
+2p|f |p−2|∇˜f |2 + pλ|f |p]dVN(z)
= r2n−1
d
dr
Mpp (r, f)
≥ 0,
which implies that Mpp (r, f) is increasing in (0, 1) for p ∈ [2, 4).
Case 2. Suppose then p ∈ [4,∞).
By computations, we get
∆(|f |p) = p(p− 2)|f |p−4
n∑
k=1
|ff zk + ffzk |2 + 2p|f |p−2|∇˜f |2 + pλ|f |p ≥ 0,
which gives that Mpp (r, f) is increasing in (0, 1).
By Cases 1 and 2, we see that for p ∈ [2,∞), Mpp (r, f) is increasing in (0, 1). This
shows that for every point z0 ∈ Bn,
|f(z0)|p ≤
∫
∂Bn
|f(z0 + rζ)|pdσ(ζ)
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for all r ∈ [0, 1−|z0|). Hence |f |p is subharmonic in Bn. The proof of (I) is complete.
Now we come to prove (II).
∆(|˜∇f |2) = ∆
[ n∑
k=1
(fzkf zk + fzkf zk)
]
= 4λ|∇˜f |2 + 4
n∑
k=1
n∑
j=1
(|fzkzj |2 + |fz¯k z¯j |2 + |fzkzj |2 + |fzkzj |2)
≥ 0,
which implies that M22 (r, ∇˜f) is increasing in (0, 1) and |∇˜f |2 is subharmonic in Bn.
In particular, if f is a solution to (1.1) with λ = 0, then f is a harmonic mapping.
This implies that |f |p is subharmonic in Bn for p ∈ [1,∞) (cf. [2]). The proof of
this lemma is complete. 
By using Theorem C and the similar argument as in the proof of Case 1 of Lemma
1, we obtain the following result.
Lemma 2. Let p ∈ [2,∞), r ∈ (0, 1), and suppose that f is a solution to (1.1).
Then
Mpp (r, f) = |f(0)|p +
∫
Bn(0,r)
∆(|f(z)|p)G2n(z, r)dVN(z)
and
r2n−1
d
dr
Mpp (r, f) =
1
2n
∫
Bn(0,r)
∆
(|f(z)|p)dVN(z),
where G2n is the function defined in Theorem C.
The following result is useful to the proof of Theorem 1.
Lemma 3. Let p ∈ [2,∞), r ∈ (0, 1) and f be a solution to (1.1). Then∫
Bn(0,r)
|f(z)|pG2n(z, r)dVN(z) ≤ r
2
4n
Mpp (r, f).
Proof. By Lemma 1, we see that Mpp (ρ, f) is increasing on ρ ∈ (0, r]. Let
I(r) =
∫
Bn(0,r)
|f(z)|pG2n(z, r)dVN(z).
Then
I(r) =
1
2(n− 1)
∫ r
0
[∫
∂Bn
|f(ρζ)|p
(
ρ− ρ2n−1r2(1−n)
)
dσ(ζ)
]
dρ
=
1
2(n− 1)
∫ r
0
Mpp (ρ, f)
(
ρ− ρ2n−1r2(1−n))dρ
≤ M
p
p (r, f)
2(n− 1)
∫ r
0
(
ρ− ρ2n−1r2(1−n))dρ
=
r2
4n
Mpp (r, f).
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The proof of this lemma is complete. 
Now we are ready to prove Theorems 1 and 2.
Proof of Theorem 1. Set
A(r, f) =
∫
∂Bn
|f(rζ)|p−2|∇˜f(rζ)|2 dσ(ζ).
Then Ho¨lder’s inequality yields
A(r, f) ≤
(∫
∂Bn
|∇˜f(rζ)|p dσ(ζ)
)2/p(∫
∂Bn
|f(rζ)|p dσ(ζ)
)(p−2)/p
= M2p (r, ∇˜f) ·Mp−2p (r, f).
By using polar coordinates, we see from Lemmas 2 and 3 that
Mpp (r, f) = |f(0)|p +
∫
Bn(0,r)
∆(|f(z)|p)G2n(z, r) dVN(z)
≤ |f(0)|p +
∫
Bn(0,r)
[
2p(p− 1)|f(z)|p−2|∇˜f(z)|2 + λp|f(z)|p]G2n(z, r) dVN(z)
= |f(0)|p +
∫ r
0
∫
∂Bn
4np(p− 1)ρ2n−1|f(ρζ)|p−2|∇˜f(ρζ)|2G2n(ρζ, r)dσ(ζ)dρ
+pλ
∫
Bn(0,r)
|f(z)|pG2n(z, r) dVN(z)
= |f(0)|p +
∫ r
0
4np(p− 1)ρ2n−1G2n(ρζ, r)A(ρ, f)dρ
+pλ
∫
Bn(0,r)
|f(z)|pG2n(z, r) dVN(z)
≤ |f(0)|p + 4p(p− 1)
∫ r
0
nρ2n−1G2n(ρζ, r)M2p (ρ, ∇˜f)Mp−2p (ρ, f) dρ
+
pλr2
4n
Mpp (r, f),
which, because Mp(r, f) is increasing on r, implies(
1− pλ
4n
)
M2p (r, f) ≤
(
1− pλr
2
4n
)
M2p (r, f)
≤ |f(0)|2 + 4p(p− 1)
∫ r
0
nρ2n−1G2n(ρζ, r)M2p (ρ, ∇˜f) dρ
= |f(0)|2 + 2p(p− 1)
∫ 1
0
r2M2p (rρ, ∇˜f) ·
ρ(1− ρ2n−2)
2(n− 1) dρ
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≤ |f(0)|2 + 2p(p− 1)
∫ 1
0
M2p (rρ, ∇˜f)(1− ρ) dρ
≤ |f(0)|2 + 2p(p− 1)C2
∫ 1
0
[
ω
( 1
1− rρ
)]2
(1− ρ) dρ
≤ |f(0)|2 + 2p(p− 1)C2
∫ 1
0
[
ω
( 1
1− rρ
)]2
(1− rρ) (1− ρ)
(1− rρ) dρ
≤ |f(0)|2 + 2p(p− 1)C2ω(1)
∫ 1
0
ω
( 1
1− rρ
)
dρ
= |f(0)|2 + 2p(p− 1)C2ω(1)T (r),
where C is a positive constant. This observation gives the desired result:
Mp(r, f) ≤
( 4n
4n− pλ
)1/2(
|f(0)|2 + 2p(p− 1)C2ω(1)T (r)
)1/2
.
The proof of this theorem is complete. 
Proof of Theorem 2. For z, w ∈ Bn and t ∈ [0, 1], we have
d
(
z + t(w − z)) = 1− |z + t(w − z)| ≥ d(z)− t|w − z|.
Suppose that d(z)− t|w − z| > 0. Then
|f(z)− f(w)| =
∣∣∣ ∫ 1
0
df
dt
(wt+ (1− t)z)dt
∣∣∣
=
∣∣∣ n∑
k=1
(zk − wk)
∫ 1
0
df
dςk
(wt+ (1− t)z)dt
+
n∑
k=1
(zk − wk)
∫ 1
0
df
dςk
(wt+ (1− t)z)dt
∣∣∣
≤
n∑
k=1
|zk − wk| ·
∣∣∣ ∫ 1
0
df
dςk
(wt+ (1− t)z)dt
∣∣∣
+
n∑
k=1
|zk − wk| ·
∣∣∣ ∫ 1
0
df
dςk
(wt+ (1− t)z)dt
∣∣∣
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≤
( n∑
k=1
|zk − wk|2
) 1
2
{[ n∑
k=1
(∫ 1
0
∣∣∣ ∂f
∂ςk
(wt+ (1− t)z)
∣∣∣dt)2] 12
+
[ n∑
k=1
(∫ 1
0
∣∣∣ ∂f
∂ςk
(wt+ (1− t)z)
∣∣∣dt)2] 12}
≤ √n|z − w|
[∫ 1
0
|fς(wt+ (1− t)z)|dt
+
∫ 1
0
|fς(wt+ (1− t)z)|dt
]
≤
√
2n|z − w|
∫ 1
0
|∇˜f(wt+ (1− t)z)|dt
≤ C
√
2n|w − z|
∫ 1
0
ω
(
1
d(z)− t|w − z|
)
dt
= C
√
2n
∫ |w−z|
0
ω
(
1
d(z)− t
)
dt.
This implies
1
|Bn(z, r)|
∫
Bn(z,r)
|f(ζ)− f(z)|dV (ζ)
≤ C
√
2n
|Bn(0, r)|
∫
Bn(0,r)
{∫ |ξ|
0
ω
(
1
d(z)− t
)
dt
}
dV (ξ)
=
C2n
√
2n
r2n
∫ r
0
ρ2n−1
{∫ ρ
0
ω
( 1
d(z)− t
)
dt
}
dρ
≤ C2n
√
2n
r2n
∫ r
0
{∫ r
t
ρ2n−1dρ
}
ω
(
1
r − t
)
dt
≤ C
√
2n
r2n
∫ r
0
(r − t) (r2n−1 + r2n−2t + · · ·+ t2n−1)ω( 1
r − t
)
dt
≤ C
√
2n
r2n
rω
(1
r
)∫ r
0
(
r2n−1 + r2n−2t + · · ·+ t2n−1) dt
= C
√
2n
(
2n∑
j=1
1
j
)
rω
(1
r
)
,
where ς = (ς1, · · · , ςn) = wt + (1 − t)z and C is a positive constant. The proof of
this theorem is complete. 
In order to prove Theorem 3, we need the following lemma. Using the similar
arguments as in the proof of [16, Lemma 2.5], we have
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Lemma 4. Suppose that f : B
n
(a, r)→ C is a continuous function in Bn(a, r) and
harmonic in Bn(a, r). Then
|∇˜f(a)| ≤ 4n
√
n
r
∫
∂Bn
|f(a+ rζ)− f(a)|dσ(ζ).
Proof. Let f = u + iv, where u and v are real harmonic functions in Bn(a, r).
Without loss of generality, we may assume that a = 0 and f(0) = 0. Let
K(z, ζ) =
r2n−2(r2 − |z|2)
|z − rζ |2n .
Then
u(z) =
∫
∂Bn
K(z, ζ)u(rζ)dσ(ζ), z ∈ Bn(0, r).
By direct calculations, we have
∂
∂xj
K(z, ζ) = r2n−2
[ −2xj
|z − rζ |2n −
2n(r2 − |z|2)(xj − rαj)
|z − rζ |2n+2
]
and
∂
∂yj
K(z, ζ) = r2n−2
[ −2yj
|z − rζ |2n −
2n(r2 − |z|2)(yj − rβj)
|z − rζ |2n+2
]
,
which gives
(2.1)
∂
∂xj
K(0, ζ) =
2nαj
r
and
∂
∂yj
K(0, ζ) =
2nβj
r
,
where z = (z1, · · · , zn) = (x1+ iy1, · · · , xn+ iyn) and ζ = (α1+ iβ1, · · · , αn+ iβn) ∈
∂Bn. Then by (2.1), we have
|∇u(0)| =
[ n∑
j=1
(∣∣∣ ∫
∂Bn
∂
∂xj
K(0, ζ)u(rζ)dσ(ζ)
∣∣∣2
+
∣∣∣ ∫
∂Bn
∂
∂yj
K(0, ζ)u(rζ)dσ(ζ)
∣∣∣2)] 12
≤
n∑
j=1
(∣∣∣ ∫
∂Bn
∂
∂xj
K(0, ζ)u(rζ)dσ(ζ)
∣∣∣
+
∣∣∣ ∫
∂Bn
∂
∂yj
K(0, ζ)u(rζ)dσ(ζ)
∣∣∣)
≤
∫
∂Bn
|u(rζ)|
n∑
j=1
(∣∣∣ ∂
∂xj
K(0, ζ)
∣∣∣+ ∣∣∣ ∂
∂yj
K(0, ζ)
∣∣∣)dσ(ζ)
≤
√
2n
∫
∂Bn
|u(rζ)|
[
n∑
j=1
(∣∣∣ ∂
∂xj
K(0, t)
∣∣∣2 + ∣∣∣ ∂
∂yj
K(0, t)
∣∣∣2)] 12 dσ(ζ)
=
2n
√
2n
r
∫
∂Bn
|u(rζ)|dσ(ζ).
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Similarly, we have
|∇v(0)| ≤ 2n
√
2n
r
∫
∂Bn
|v(rζ)|dσ(ζ).
Then by (1.2), we conclude that
|∇˜f(0)| ≤ |fz(0)|+ |fz(0)|
≤ |∇u(0)|+ |∇v(0)|
≤ 2n
√
2n
r
∫
∂Bn
|u(rζ)|+ |v(rζ)|dσ(ζ)
≤ 4n
√
n
r
∫
∂Bn
|f(rζ)|dσ(ζ).
The proof of the lemma is complete. 
Proof of Theorem 3. First, we show the “if” part. By Lemma 4, we have
|∇˜f(z)| ≤ 4n
√
n
ρ
∫
∂Bn
|f(z + ρζ)− f(z)|dσ(ζ),
where ρ ∈ (0, d(z)]. Let r = d(z). Then we have∫ r
0
|∇˜f(z)|ρ2ndρ ≤ 2√n
∫ r
0
(
2nρ2n−1
∫
∂Bn
|f(z)− f(z + ρζ)|dσ(ζ)
)
dρ,
which implies
|∇˜f(z)| ≤ 2(2n+ 1)
√
n
r2n+1
∫ r
0
(
2nρ2n−1
∫
∂Bn
|f(z)− f(z + ρζ)|dσ(ζ)
)
dρ
=
2(2n+ 1)
√
n
r|Bn(z, r)|
∫
Bn(z,r)
|f(ξ)− f(z)|dV (ξ)
≤ 2(2n+ 1)√nCω
(1
r
)
= 2(2n+ 1)
√
nCω
(
1
d(z)
)
.
The “only if” part easily follows from Theorem 2. The proof of the theorem is
complete. 
3. The finite Dirichlet energy integral and its application
Lemma 5. Let f be a solution to (1.1). Then for p ∈ [2,∞) and β ∈ (0,∞),
Df(β, p− 2, 2) ≤ β
√
2
2
Df (β − 1, p− 1, 1).
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Proof. By Lemmas 1 and 2, we have
r2n−1
d
dr
Mpp (r, f) =
1
2n
∫
Bn(0,r)
[
p(p− 2)|f(z)|p−4
n∑
k=1
|f(z)fzk(z) + f(z)fzk(z)|2
+2p|f(z)|p−2|∇˜f(z)|2 + pλ|f(z)|p
]
dVN(z),(3.1)
which implies
d
dr
(
r2n−1
d
dr
Mpp (r, f)
)
=
∫
∂Bn
r2n−1
[
2p|f(rζ)|p−2|∇˜f(rζ)|2
+p(p− 2)|f(rζ)|p−4
n∑
k=1
|f(rζ)fzk(rζ) + f(rζ)fzk(rζ)|2
+pλ|f(rζ)|p
]
dσ(ζ).(3.2)
In addition, we see
d
dr
Mpp (r, f) =
∫
∂Bn
d
dr
(|f(rζ)|p)dσ(ζ)
= p
∫
∂Bn
|f(rζ)|p−2Re
[
n∑
k=1
(
fzk(rζ)f(rζ) + f(rζ)fzk(rζ)
)
ζk
]
dσ(ζ)
≤ p
√
2
∫
∂Bn
|f(rζ)|p−1|∇˜f(rζ)|dσ(ζ),(3.3)
where ζ = (ζ1, · · · , ζn) ∈ ∂Bn.
It follows from (3.2) and (3.3) that
βp
√
2
∫
Bn
(1− |z|)β−1|f(z)|p−1|∇˜f(z)|dVN(z)(3.4)
= βp
√
2
∫ 1
0
2nr2n−1(1− r)β−1
∫
∂Bn
|f(rζ)|p−1|∇˜f(rζ)|dσ(ζ)dr
≥ β
∫ 1
0
2nr2n−1(1− r)β−1
(
d
dr
Mpp (r, f)
)
dr
=
∫ 1
0
2n(1− r)β d
dr
(
r2n−1
d
dr
Mpp (r, f)
)
dr
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=
∫ 1
0
2n(1− r)β
∫
∂Bn
r2n−1
[
2p|f(rζ)|p−2|∇˜f(rζ)|2
+p(p− 2)|f(rζ)|p−4
n∑
k=1
|f(rζ)fzk(rζ) + f(rζ)fzk(rζ)|2
+pλ|f(rζ)|p
]
dσ(ζ)dr
= 2p
∫
Bn
[
|f(z)|p−2|∇˜f(z)|2 + λ
2
|f(z)|p +
(p
2
− 1)|f(z)|p−4 n∑
k=1
∣∣∣f(z)fzk(z) + f(z)fzk(z)∣∣∣2 ](1− |z|)βdVN(z)
≥ 2p
∫
Bn
|f(z)|p−2|∇˜f(z)|2(1− |z|)βdVN(z),
whence
Df(β, p− 2, 2) ≤ β
√
2
2
Df (β − 1, p− 1, 1),
from which the proof follows. 
By elementary computations, we easily see that
Lemma 6. Suppose that a, b ∈ [0,∞) and q ∈ (0,∞). Then
(a+ b)q ≤ 2max{q−1,0}(aq + bq).
Proof of Theorem 4. By Lemma 1, we know that |∇˜f |2 is subharmonic in Bn.
Then for r ∈ [0, 1− |z|), we have
|∇˜f(z)|2 ≤
∫
∂Bn
|∇˜f(z + rζ)|2dσ(ζ).
Integration and Lemma 5 yield
(1− |z|)2n|∇˜f(z)|2
22n
≤
∫
∂Bn
∫ 1−|z|
2
0
2nr2n−1|∇˜f(z + rζ)|2drdσ(ζ)
=
∫
Bn(z,
1−|z|
2
)
|∇˜f(ξ)|2dVN(ξ)
≤ 2β(1− |z|)−β
∫
Bn(z,
1−|z|
2
)
(1− |ξ|)β|∇˜f(ξ)|2dVN(ξ)
≤ 2βDf(β, 0, 2)(1− |z|)−β
≤ β2β− 12Df(β − 1, 1, 1)(1− |z|)−β
which gives
(3.5) |∇˜f(z)| ≤ C3
(1− |z|)n+β2
,
where C3 =
√
β2β−1/2+2nDf (β − 1, 1, 1).
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By (3.5), we have
|f(z)| ≤ |f(0)|+
∣∣∣∣∫
[0,z]
df(ζ)
∣∣∣∣
≤ |f(0)|+
√
2
∫
[0,z]
|∇˜f(ζ)||dζ |
≤ |f(0)|+ C4
(1− |z|)β2+n−1
,
where C4 =
√
2C3/(n− 1 + β/2) and [0, z] denotes the segment from 0 to z. Then
by Lemma 6, we see that for z ∈ Bn,
|f(z)| 2β ≤
[
|f(0)|+ C4
(1− |z|)β2+n−1
] 2
β
(3.6)
≤ 2 2β−1
|f(0)| 2β + C 2β4
(1− |z|)1+ 2(n−1)β

and
|f(z)| 2β−2 ≤
[
|f(0)|+ C4
(1− |z|)β/2+n−1
] 2
β
−2
(3.7)
≤ 2 2β−2
|f(0)| 2β−2 + C 2β−24
(1− |z|)1−β+(n−1)( 2β−2)
 .
Let p = 2/β. We divide the rest of the proof into two cases.
Case 3. Let p ∈ [4,∞).
By direct calculations, we get
∆(|f |p) = 4
n∑
k=1
∂2
∂zk∂zk
(|f |p)
= p(p− 2)|f |p−4
n∑
k=1
|fzkf + f zkf |2 + 2p|f |p−2|∇˜f |2 + pλ|f |p
≤ 2p(p− 1)|f |p−2|∇˜f |2 + pλ|f |p.(3.8)
Hence by (3.6), (3.7) and (3.8), we conclude that for z ∈ Bn,
(1− |z|)1+p(n−1)∆(|f(z)|p) ≤ 2p(p− 1)(1− |z|)1+p(n−1)|f(z)|p−2|∇˜f(z)|2
+pλ(1− |z|)1+p(n−1)|f(z)|p
≤ 2p(p− 1)(1− |z|)β|∇˜f(z)|2(1− |z|)1+p(n−1)−β|f(z)|p−2
+pλ2p−1
(
Cp4 + |f(0)|p
)
≤ C5 + C6(1− |z|)β |∇˜f(z)|2,(3.9)
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where C5 = pλ2
p−1(Cp4 + |f(0)|p) and C6 = 2p(p − 1)2p−2(|f(0)|p−2 + Cp−24 ). By
Theorem 5, we know
(3.10) Df (β, 0, 2) ≤ β
√
2
2
Df (β − 1, 1, 1).
Therefore, (3.9) and (3.10) imply that there exist positive constants C1 and C2 such
that ∫
Bn
(1− |z|)1+p(n−1)∆(|f(z)|p)dVN(z) ≤ C1Df (2
p
− 1, 1, 1) + C2.
Case 4. Let p ∈ [2, 4).
In this case, we let F pm = (|f |2 + 1m)p/2, and let Tm = ∆(F pm). Obviously, for
r ∈ (0, 1), Tm is integrable in Bn(0, r) and Tm ≤ F, where
F = p(p− 2)|f |p−2
n∑
k=1
(|fzk |+ |fzk |)2 + 2p(1 + |f |2)
p
2
−1|∇˜f |2 + pλ|f |2(|f |2 + 1) p2−1
and F is integrable in Bn(0, r).
Then, by Lebesgue’s Dominated Convergence Theorem together with (3.9), we
have
lim
n→∞
∫
Bn(0,r)
(1− |z|)1+p(n−1)∆(F pm(z))dVN(z)
=
∫
Bn(0,r)
(1− |z|)1+p(n−1) lim
n→∞
[
∆(F pm(z))
]
dVN(z)
= p
∫
Bn(0,r)
[(
p− 2)|f(z)|p−4 n∑
k=1
|fzk(z)f(z) + fzk(z)f(z)|2
+2|f(z)|p−2|∇˜f(z)|2 + λ|f(z)|p
]
(1− |z|)1+p(n−1) dVN(z)
≤
∫
Bn(0,r)
[C5 + C6(1− |z|)β|∇˜f(z)|2]dVN(z),
and so we infer from (3.6), (3.7) and Theorem 5 that there exist positive constants
C1 and C2 such that∫
Bn
(1− |z|)1+p(n−1)∆(|f(z)|p)dVN(z) ≤ C1Df (2
p
− 1, 1, 1) + C2.
The proof of this theorem is complete. 
Proof of Corollary 1.3. For a fixed r ∈ (0, 1), since
lim
|z|→r
log r − log |z|
r − |z| =
1
r
,
we see that there is r0 ∈ (0, r) satisfying
log r − log |z| ≤ 2
r
(r − |z|)
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for r0 ≤ |z| < r. Let p = 2/β. The it follows from
lim
ρ→0+
ρ log
1
ρ
= 0
that ∫
Dr0
∆(|f(z)|p) log r|z| dσ(z) ≤
∫
Dr0
∆(|f(z)|p) log 1|z| dσ(z)(3.11)
=
∫ 2pi
0
∫ r0
0
∆(|f(ρeiθ)|p)ρ log 1
ρ
dρdθ
< ∞.
Since Df(β − 1, 1, 1) <∞, it follows from Theorem 4 that
(3.12)
∫
D\Dr0
∆(|f(z)|p)(1− |z|) dσ(z) <∞.
Hence by (3.11), (3.12) and Theorem C, we obtain that
Mpp (r, f) = |f(0)|p +
1
2
∫
Dr
∆(|f(z)|p) log r|z| dσ(z)
= |f(0)|p + 1
2
∫
Dr0
∆(|f(z)|p) log r|z| dσ(z)
+
1
2
∫
Dr\Dr0
∆(|f(z)|p) log r|z| dσ(z)
≤ |f(0)|p + 1
2
∫
Dr0
∆(|f(z)|p) log r|z| dσ(z)
+
∫
Dr\Dr0
∆(|f(z)|p)(r − |z|)
r
dσ(z)
≤ |f(0)|p + 1
2
∫
Dr0
∆(|f(z)|p) log r|z| dσ(z)
+
∫
D\Dr0
∆(|f(z)|p)(1− |z|) dσ(z)
< ∞.
Since Lemma 1 shows that the function Mpp (r, f) is increasing with respect to r in
(0, 1), we know that the limit
lim
r→1−
Mp(r, f)
does exist, which implies f ∈ Hp. The proof of the corollary is complete. 
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